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In [7] Sacker and Sell introduced a notion of trichotomy for linear 
differential systems. A stronger notion of trichotomy has been recently 
introduced in [4] by Elaydi and Hajek. This paper is concerned with the 
latter notion of trichotomy which will be called here exponential 
trichotomy. 
Section 1 contains the required definitions, preliminary results, and 
examples. In Section 2 we give a characterization of exponential trichotomy 
via a certain Liapunov function (Theorem 2.3). In Section 3, we show that 
an upper triangular system possesses an exponential trichotomy iff the 
system corresponding to its diagonal possesses one (Theorem 3.1). The 
limiting equations are used in Section 4 to give several criteria for the 
existence of exponential trichotomy of the given system. In Section 5, we 
study the roughness of exponential trichotomy. We show here that if a 
linear system possesses an exponential trichotomy, then under certain non- 
linear perturbations, the perturbed system exhibits a qualitative behavior 
which is similar to that of the nonperturbed system. 
1. PRELIMINARIES 
Consider the system 
x’= A(t) x, (1) 
where x E C” and A(t) is a bounded and continuous n x n matrix on the 
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whole real line R. Let X(t) be the fundamental matrix of (1) with X(0) = I. 
Let F(A)= {A, I A(z)=A(t+ t), TER} be the set of translations of A and 
H(A) = cl F(A) be the hull of A, where the closure is taken in the topology 
of uniform convergence on compact intervals. The w-limit set of A is 
defined as w(A) = {A 1 lim,, _ 7 A(t + h) = a> and the x-limit set of A is 
defined as a(A)= (2 / lim,,, * A(t+h)=A”). 
DEFINITION 1.1 [4]. The system (1) is said to have an exponential 
trichotomy (on R) if there exist linear projections P, Q such that 
PQ=QP, P+Q-PQ=I, (2) 
and constants K 3 1, E > 0 such that 
IX(t) PX-‘(s)l 6 Kee’(‘~.‘) for O<s<t 
IX(t)(I- P) X-‘(s)1 < Kee”“) for t ds, 530 
IX(t) QX-‘@)I d Ke’(“) for t<s<O 
(3) 
IX(t)(Z- Q) X~~ ‘(.s)l < Ke “’ ” for s d t, .s < 0. 
If in the above definition we put Q = I- P, then (3) becomes 
IX(t) PA’-‘(s)1 < Ke-““- ‘) for s 6 t 
IX(t)(Z- P) X-‘(s)1 < Kee”“-,” for t d s 
and we then have an exponential dichotomy on R [2-g]. 
(4) 
LEMMA 1.2. The ,following statements are pairwise equivalent: 
(i) The system (I ) has an exponential trichotomy, 
(ii) The system (1) has an exponential dichotomy on R’ (that is, 
exponential dichotomy on R + and on R ) with prajections P, and P , 
respectively, such that P, P = P P, = P , 
(iii) There are three mutually orthogonal projections P, , P,, P, w’ith 
sum I and such that 
IX(t) P,X~ ‘(s)l < Ke-““-‘) for s<t 
IX(t) P2Xp’(s)I <Key”‘+‘) for tds 
IX(t) P,X ‘(s)l d Ke “’ ” for O<s<t 
6 Kc> --I(’ ‘) for r<s<O. (5) 
Proaf (i) implies (ii). It is clear that the first two inequalities in (3) 
364 ELAYDI AND HAJEK 
imply exponential dichotomy of (1) on R+ with the projection P, = P and 
the last two inequalities of (3) imply exponential dichotomy of (1) on R- 
with the projection Pm =I- Q. Then from (2) it follows that P, Pp = 
P-PQ=I-Q=Pp=PpP+. 
(ii) implies (iii). Let P’=P_, P2=Z-P+, P3=P+-P_. Then P,, 
P,, and P, are mutually orthogonal projections with sum I. We now verify 
the inequalities in (5): 
IX(t) P,X-‘(s)l = IX(t) P, P- x-‘(s)1 
< IX(t) P, x-‘(O)1 IX(O) P- X-‘(s)1 
< Le-“. LexS 
d L’e- X(l-s) = Ke-z(‘-“) for t > s; 
IX(t) p,x-‘(s)l = pi-(t)(Z- P,) x-‘(s)l 
d IX(t)(Z- P.-) X-‘(O)1 IX(O)(Z- P,) X-‘(s)/ 
dLep ~(O-~)~Le-“‘.s-O’ 
= Ke-%Ws) for t 3 s. 
The last two inequalities may be established by noting that P, - Pp = 
P+(Z-P-) and range of P,=range of (P, -P_)=range of P, nrange 
of (I- Pp). 
(iii) implies (ii). Let P=Z-P,, Q=Z-PI. Then, clearly, (2) and (3) 
hold. This completes the proof of the lemma. 
Remark 1.3. Statement (ii) in the above lemma may be rephrased as 
follows: 
(ii)’ The system ( 1) has an exponential dichotomy on R + and every 
solution of (1) is the sum of two solutions, one is bounded on R+ and the 
other is bounded on R-. 
DEFINITION 1.4. The system (1) is said to have an SS-trichotomy (in 
the sense of Sacker and Sell [7]) if there are three mutually orthogonal 
projections P,, P,, P, with sum Z and such that 
IX(t) PIXp’(s)/ gKepg(‘p”) for t3s 
IX(t) P2Xp’(s)l <KeC”‘“+” for t<s (6) 
IX(t) W-‘(s)1 d K for all s, t E R. 
It follows from (5) and (6) that exponential trichotomy implies the 
SS-trichotomy. However, the converse is clearly false as it may be shown 
by simple examples. 
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Remark 1.4. (a) For time-variant systems exponential dichotomy on 
R is equivalent to exponential trichotomy. This is due to the fact that in 
this case, exponential dichotomy on R + or R - implies exponential 
dichotomy on R. Furthermore, it is always true that exponential dichotomy 
on R implies exponential trichotomy. 
(b) The conclusion of part (a) holds also for almost periodic systems 
CL 81. 
(c) If A(t) in Eq. (1) is almost periodic and Eq. (1) has an ordinary 
dichotomy on R+ or RP [2], then it follows from [2; 9.41 that Eq. (1) has 
an SS-trichotomy. 
We now give an example which is typical in the sense that the general 
theory of trichotomy follows closely the conclusions obtained in this 
example. 
EXAMPLE 1.5. Consider the scalar equation 
x’=(-tanht)x (7) 
and its adjoint equation 
y’ = (tanh t) y. (8) 
Then x(t)=sech(t) x0 is the solution of (7) with x(0)=x, and y(t)= 
cosh(t)y, is the solution of (8) with y(O)= y,. Hence Eq. (8) has an 
exponential dichotomy on R’ with projections P+ = 0, PP = 1, respec- 
tively. Thus P + PP = PP is+ = P+ and, consequently, Eq. (8) has no non- 
trivial solution which is bounded on R. On the other hand, Eq. (7) has an 
exponential dichotomy on R + with projections P, = I- P+ = I and 
P- =I-F-=0, respectively. Thus P+P- =P_P+ =P-. Hence, 
according to Lemma 1.2, Eq. (7) has an exponential trichotomy. Since 
H(tanh t)= (tanh(t+ h) 1 heR} u { 1, -l}, it follows that no equation in 
the hull of (8) has a nontrivial solution bounded on R. Furthermore, since 
H(-tanht)={-tanh(t+h)IhER)u{-l,l}, it follows that the 
solutions of every equation in F( - tanh t) are bounded on R and no 
nontrivial solution in the c( or o-limit set of (- tanh t) is bounded on R. 
2. TRICHOTOMIES AND LIAPUNOV FUNCTIONS 
We first recall the following theorem from Kulik and Kulik [S]. 
THEOREM 2.1 [S]. For Eq. (1) to have an exponential dichotomy on R, it 
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is necessary and sufficient that there be a nonsingular bounded continuously 
differentiable Hermitian matrix H(t) such that 
H’(t) + H(t) A(t) + A*(t) H(t) d -yl for all t E R, (9) 
where y>O is a constant, and ,4*(t) is the adjoint of A(t). 
Before giving the main results of this section we need the following 
lemma. 
LEMMA 2.2. Equation (I) has an exponential trichotomy iff its adjoint 
equation 
y’= -A*(t) y (10) 
has an exponential dichotomy on R* and has no nontrivial solution bounded 
on R. 
Proof Assume that Eq. (1) has an exponential trichotomy. Then by 
Lemma 1.2, Eq. (1) has an exponential dichotomy on R ’ with projections 
P P-, respectively, such that P+P-=P-P+=P_. Let p,=l--P*,, 
Pi ‘= I- Pt. Then the adjoint equation (10) has an exponential 
dichotomy on R * with projections p+, P_, respectively. Furthermore, 
since P+P- =i?j3+ =B+, it follows that Eq. (10) has no nontrivial 
solutions bounded on R. The converse may be proved by reversing the 
steps in the above argument. 
THEOREM 2.3. Equation (1) has an exponential trichotomy tff there exists 
a bounded continuously differentiable Hermitian matrix H(t) and y > 0 such 
that 
H’(t)-H(t)A*(t)-A(t) H(t)< -yZ for all t E R. (11) 
Proof: Assume that (1) has an exponential trichotomy. Then it follows 
from Lemma 2.2 that the adjoint equation (10) has an exponential 
dichotomy on R* and it has no nontrivial solutions bounded on R. Hence 
by [IS; 23 there exists a Liapunov transformation y = T(t) z which reduces 
Eq. (10) to the form 
z’ = B(t) 2, (12) 
where z = col(z,, z2, z3) and 
B(t)= 0 
i 
B,,(t) 0 Bdf) 
&2(t) &(t) 
0 0 Bdt) 
= -T-‘A*T- T-‘T’. 
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We may assume that the norms of B,3(t) and Bz3(f) are sufficiently small, 
which may be obtained by replacing z3 by sz3 with a sufficiently small E > 0. 
Furthermore, if Zi(t) is the fundamental matrix of z; = B,,(t) zi, 1 6 i Q 3, 
with Zi(0) = Z, then 
/Z,(t) Z;‘(s)1 <Ke-“(‘-‘) for t>s 
IZ,(t) Z;‘(s)1 gKeC”(“-‘) for t d s 
IZ,(t) Z,‘(s)1 < Ke-“(‘-‘) for O<sdt 
(13) 
<Ke-“‘“-” for tds<O. 
For brevity, let Z,( t, s) = Zi( t) Z; r(s), 1 Q i < 3. Let i7r( t) = diag(fl, (t), 
Z?,(t), ff3( t)), where 
f?,(t) = Iz Z,(t, s) Z:(t, s) ds 
i 
R,(t) = -J’ Z,(f, 3) Z:(t, s) ds 
--z 
ii,(t) = j-” Z,(t, s) Z:(t, s) ds. 
f 
Then it follows from (13) that B(t) is a bounded continuously differen- 
tiable Hermitian matrix. Moreover, p(t) = diag(fi, IIT, + B,, A,, A,B$ + 
B,, A,, fi, BTj + B,,A3) - 31. Since B13(t) and B,,(t) are sufficiently small 
in norm, it follows that 
f?‘(t)-A(t) B(t)-B(t)@t)< -21. (14) 
Going back to the variables of (10) we obtain a Hermitian matrix H(t) 
which is bounded, and continuously differentiable and satisfies (11). 
Conversely, assume that (11) holds. Then it follows from [2; 7.11 that 
Eq. (10) has an exponential dichotomy on R’ with projections P, and 
P- , respectively. We claim that P + Pp = Pp P, = P, . This is equivalent 
to saying that Eq. (10) has no nontrivial solutions bounded on R. To prove 
the claim let V( t, y) = y*(t) H(t) y(t). Then from (11) it follows that V( t, y) 
is strictly decreasing. Let j(t) be a nontrivial solution of (10) bounded on 
R. Then V(t, P(t)) is bounded on R. Furthermore, V(t, j(t)) > 0 for all 
tER+. For otherwise, if V(tl,$(tl))bO for some tr~R+, then 
V(t,y(t))<O for all tE(tl, co). Therefore 
V’(t, 9(t)) d -IBW12 G avt, 9(t)) for all t E (t,, co), for some CI > 0. 
Hence V(t, P(t)) 6 V(s, j(s)) ertrPs) for t,<s<ttm, and -V(t,$(t))>, 
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- V(s, j(s)) &-s) for t, <s < t < co. This contradicts the boundedness of 
V(t, j) on R. Thus V( t, j(t)) > 0 for all t E R+. 
By a similar argument, one can show that V(t, B(t)) > 0 for all I E R-. 
This implies that V( t, P(t)) is unbounded on R and we then have a con- 
tradiction. Consequently V( I, p(t)) = 0 and again we have a contradiction. 
This completes the proof of the claim. Now let Q, = I- P*+ and 
Q- = I- Pt. Then Eq. (1) has an exponential dichotomy on R + with 
projections Q + , Q- , respectively, with Q + Q _ = Q ~ Q + = Q ~. It follows 
from Lemma 1.2 that Eq. (1) has an exponential trichotomy. The proof of 
the theorem is now complete. 
3. TRIANGULAR SYSTEMS 
In [6] Palmer has shown that if A(t) in (1) is upper triangular, then 
Eq. (1) has an exponential dichotomy on R + iff each scalar equation 
xi = a,~, has. Sacker and Sell [9] gave an example which shows that the 
necessity of the above result of Palmer does not hold for exponential 
dichotomy on R. We now give a result which shows that Palmer’s theorem 
extends for exponential trichotomy. 
THEOREM 3.1. Let A(t)= (av) be a bounded, continuous, and upper 
triangular matrix function defined on R. Then Eq. (1) has an exponential 
trichotomy iff each scalar equation 
has. 
x: = Uji( t) x, (15) 
Proof Assume that Eq. (1) has an exponential trichotomy. Then by 
Lemma 2.2 the adjoint equation (10) has an exponential dichotomy on R * 
and has no nontrivial solution bounded on R. Then as in the proof of 
Theorem 1 in Palmer [6] each scalar equation 
y: = -zq yi (16) 
has an exponential dichotomy on R *. Claim that no equation in (16) has a 
nontrivial solution bounded on R. For otherwise the whole diagonal 
system 
y:= -a,Y;, 1 <i<n, (17) 
has a nontrivial solution bounded on R. Then a sufIiciently small pertur- 
bation of (17) also has a nontrivial solution bounded on R. Bylov [l] has 
shown that the adjoint upper triangular system (10) is kinematically similar 
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[2] to an arbitrary small perturbation of the diagonal system (17) by using 
the so-called P-transformation, where p > 0 is sufficiently small. Hence 
Eq. (10) must have a nontrivial bounded solution on R, which is a 
contradiction. It follows from Lemma 2.2 that each scalar equation (15) 
has an exponential trichotomy. The converse may be established using a 
similar argument to that used by Palmer [6] in the proof of Theorem 1. 
4. THE LIMITING EQUATIONS 
In this section we assume that A(t) is bounded and uniformly continuous 
R. 
THEOREM 3.1. The following statements are pairwise equivalent: 
(i) Equation (1) has an exponential trichotomy. 
(ii) No equation in the hull of the adjoint equation (10) has a 
nontrivial solution bounded on R. 
(iii) No equation in the 01- or o-limit set of (1) has a nontrivial solution 
bounded on R and the adjoint equation (11) has no nontrivial solution 
bounded on R. 
Proof (i) implies (ii). If Eq. (1) has an exponential trichotomy, then 
according to Lemma 1.2, it has an exponential dichotomy on R* with 
projections P, and P _, respectively, such that P, P- = P- P, = Pp. 
Hence, it follows from Lemma 2.2 that the adjoint equation (10) has an 
exponential dichotomy on R* and has no nontrivial solution bounded 
on R. This implies that no equation in the hull of (10) has a nontrivial 
solution bounded on R. 
(ii) implies (iii). Assume that no equation in the hull of the adjoint 
system (10) has a nontrivial solution bounded on R. Then it follows from 
[8; 31 that each equation in the LX- or o-limit set of (10) has an exponential 
dichotomy on R. This implies that each equation in the c(- or o-limit set of 
(1) has an exponential dichotomy on R. The conclusion of (iii) now 
follows. 
(iii) implies (i). This follows easily from the previous argument. 
5. ROUGHNESS OF EXPONENTIAL TRICHOTOMY 
Throughout this section we will assume that A(t) is a continuous matrix 
on R. Let C denote the Banach space of all bounded continuous vector 
functions f(t) with the norm Jlfl(C=s~prER If(t)/. Let M denote the 
409/129/2-5 
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Banach space of all locally integrable vector functions f(t) (i.e., f(t) is 
measurable and [TX If(t)1 dz< co) with j:+’ If(s)1 ds< CC and norm 
IlfllM = j”“cc If(t)I dt. 
The following lemma extends [2; 3.11. 
LEMMA 5.1. Let y(t) be a nonnegative locally integrably function such 
that 
s t+l y(s)ds<b for all tER. I 
Zf u >O, then for all t ER 
s 
cc 26 
e -“‘t-“‘y(s)ds<- 
-a, 1 -e-’ 
Prooj 
s Cc e -cc -“fr-sly(~)d~=~’ -cc ep”(rp’)y(s)ds+J,m epmCsp’)y(s)ds. (18) 
Now 
I 
f--m 
e -+-5)Y(S)dS=e-~t eas y (s) ds 
t-m-1 
s ,-??I < be - ” sup eas t-m-1 
Similarly, j:zz+’ eP’(‘-‘)Y(S) ds<be-““. Hence 
and 
cc 
e 
-r+t)Y(S)dS= f I:::+’ e-*(“-‘)y(s)ds<b Mto e-am=b 
*=O 
1 -e-“’ 
(20) 
Substituting from (19) and (20) into (18) one obtains the conclusion of the 
lemma. 
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Consider the inhomogeneous differential equation 
Y’ = Nt)y +f(t). (21) 
THEOREM 5.2. The inhomogeneous equation (21) has at least one 
bounded solution on R for every f E A4 iff Eq. (1) has an exponential 
trichotomy. 
Proof. The necessity follows from [2; 3.21. To prove the sufficiency, 
assume that Eq. (1) has an exponential trichotomy with projections P, 
and P- (Lemma 1.2). Put 
/ X(t) p, X-‘(s) for 0 < s < max( t, 0) 
i 
-X(t)(Z- P+) X-‘(s) for max( t, 0) < J 
G( t, s) = 
X(t) P--X-‘(s) for s d min( t, 0) 
-X(t)(Z- P-) X-‘(s) for min( t, 0) < s < 0. 
(22) 
Then 
y(t)= j:", G(t, s) f(s) ds 
is a solution of Eq. (21). Furthermore IG(t, s)l < Ke-*I’-“‘. It follows from 
Lemma 5.1 that 
Iv(t)1 G& for all t E R. 
The proof of the theorem is now complete. 
According to [2] Eq. (1) is said to have a bounded growth on an 
interval J if, for some fixed h > 0, there exists a constant b > 1 such that 
every solution x(t) of ( 1) satisfies 
W(t)l G b Ix@)l for s, teJ, sdtds+h. 
Equivalently, Eq. (1) has a bounded growth on J if 
IX(t) X-‘(s)1 < Ke”(‘-“) for t > s, t, s E J, 
for some real constants K and c(. It is clear that Eq. (1) has bounded 
growth if its coefficient matrix A(t) is bounded. 
THEOREM 5.3. Suppose that Eq. (1) has a bounded growth on R. Then the 
inhomogeneous equation (21) has at least one bounded solution for every 
function f E C iff Eq. (1) has an exponential trichotomy. 
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Proof: The necessity follows from [2; 3.21. The proof of the &kiency 
is similar to that of Theorem 5.2. 
Consider now the nonlinear differential system 
Y’ = A(t) Y +g(t, Y), (23) 
where Ig(t,y)l GE and M&y,)-g(t,y,)l GE Iy, -y,l for all PER; 
y, , y, E R”; and 2K& < 1. 
THEOREM 5.4. Suppose that Eq. (1) has an exponential trichotomy with 
projections P, , P,, P, as defined in Lemma 1.2. Then for any b E R”, there is 
a unique solution to the integral equation 
Ydt)=x(t)f’ib+ O” s G(t,s)g(s,y;(s))ds, l<i<3. (24) -CT 
Furthermore, y,(t), 1 6 i< 3, is a solution of (1) on R, where yr(t) is 
bounded on R+, yz(t) is bounded on R-, and y3(f) is bounded on R. 
Proof: For each 6 E R, put 
Y IO(~) = x(t) P, b + I Oc G(t, .y) g(s, y,(s)) ds. (25) B 
Consider the operator 
Fy(t)=W’,b+iJi G(t,s)g(s,y(s)h t 3 8. 
Then F is a mapping from the space of continuous bounded functions on 
[O, co) into itself. Furthermore, 
IO(t) -Mt)l 6 jom IG(t, s)l I&, As))-&, 4s))l ds 
< KE e-“l’-“’ ly(s)-Z(S)] ds. 
This implies that IlFy - Fzll < 2K& /Ix- yl/, where II I/ is the supremum 
norm. Since 2K& < 1, F is a contraction map. Consequently, F has a unique 
fixed point y = y,,, where 
Y IS = x(t) P, b + lom G(t, s) As, Y m(s)) ds, t >, 8. 
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Consider any two such fixed points ylO, y,, , with I 2 8. Then for any 
t>A 
yie(t) -ydt) = j; G(t, 3) &> y,,(s)) ds 
+ jAm Wt, s)Cg(s, y&)) -g(s, y,h))l ds 
b’dt)--y,,(t)1 <&KC”“-“‘+&K O3 e-x”-s’ (y,H(~)-yl~(~)I ds. 
This implies by [2; 4.11 that 
where L, j? are certain positive constants. Hence the net ( y,@(t)} converges 
to yl(t) as 8+ -cc. Moreover, 
G(t,s)g(s,yl(s))ds 1 
=yl(t) -.vdt) + jAm G(t, s)Cds, y,,(s)) -g(s, y,(s))1 ds 
j; G(t, s) g(s, y,,(s)) ch--- j’ -m G(t, s) ds, y,(s)) d3-j. 
Thus 
I O” G(t, s) g(s, v,(s)) ds -00 II 
G lul(t)-Yldt)l +2K& lb1 -Y~~II CA,mj + 2KEe-“(*p? 
Keeping t fixed, for any 6 > 0 there exists A such that 2&e -a(r ~ A) < 613. 
For this I, y,,(t) + y,( I) uniformly on [A, cc ). We may assume that 
Iv,(r) --ydt)l <a/3, IKE 11~‘~ -ylell [,I, laj < 6/3 for large -8. Hence 
y,(t)=JVt)f’,b+ ja G(t,S)g(s,y,(s))ds. -a 
Similarly, one may establish similar conclusions for y2(t) and y3(t). 
Furthermore, yl(t) is bounded on R+, y2(t) is bounded on R-, and y3(t) is 
bounded on R. This completes the proof of the theorem. 
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COROLLARY 5.5. Suppose that Eq. (1) has an exponential trichotomy. 
Then for each solution x(t) of (1) there exists a solution y(t) of (23) such 
thatfor all tER, Ix(t)-y(t)1 <Lf or some positive constant L. Furthermore, 
$x(t) is bounded on (R+}{Rp}{R}, then y(t) possesses the same bounded- 
ness property. 
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